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Abstract

Interacting dark energy (IDE) models in which non-gravitational interactions occur between
dark matter and dark energy are popular candidates for addressing various cosmological ten-
sions, but these models may suffer from negative energy densities and divergences in the effec-
tive equations of state near phantom-divide crossing. Here, we present an equivalent Unified
Dark Fluid (UDF) description of a group of eight interacting dark energy models, which can avoid
these pathologies. We present analytical solutions for the total UDF density pp and the effective
UDF equation of state wgﬂ, and show that both negative energies and divergences are avoided,
which normally arise in the two-fluid decomposition. As a case study, we show that one of the
IDE models is equivalent, at the background level, to a Generalized Chaplygin Gas (GCG) fluid
under a new transformation. We then use recent observational constraints on the IDE mod-
els to infer implications for their unified dark fluid description. This study demonstrates that
certain pathologies of interacting dark energy models arise from the two-fluid decomposition
rather than from the background cosmology itself.
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Abstract

Interacting dark energy (IDE) models in which non-gravitational interactions occur between dark matter and
dark energy are popular candidates for addressing various cosmological tensions, but these models may suffer
from negative energy densities and divergences in the effective equations of state near phantom-divide crossing.
Here, we present an equivalent Unified Dark Fluid (UDF) description of a group of eight interacting dark energy
models, which can avoid these pathologies. We present analytical solutions for the total UDF density pp and
the effective UDF equation of state w$, and show that both negative energies and divergences are avoided,
which normally arise in the two-fluid decomposition. As a case study, we show that one of the IDE models is
equivalent, at the background level, to a Generalized Chaplygin Gas (GCG) fluid under a new transformation.
We then use recent observational constraints on the IDE models to infer implications for their unified dark fluid
description. This study demonstrates that certain pathologies of interacting dark energy models arise from the
two-fluid decomposition rather than from the background cosmology itself.

1 Introduction

Simple models where dark matter and dark energy are allowed to interact in a non-gravitational manner, known
as Interacting Dark Energy (IDE) models, have been popular candidates in recent years for addressing growing
tensions in the standard ACDM model of cosmology. These include the recent indications of evolving dark energy
from DESTI analyses [1, 2], the persistent Hubble and Sy tensions [3-5], as well as older theoretical concerns such
as the coincidence problem [6-8]. Although dark sector interactions have at various times been proposed to address
or solve each of these issues [9-17], these models face their own challenges. Among other problems, these models
often lack microphysical descriptions, and certain parts of the parameter space of IDE models tend to suffer from
instabilities [18—20] and negative energy densities in the dark sectors [21-25], accompanied by divergences in the
effective equations of state for dark matter and dark energy.

These problems are active areas of research, as recent examples of IDE models with microphysical descriptions
have been suggested in [16, 26-28], while developments with regard to IDE perturbations and avoiding instabilities
are given in [29-31]. The negative energy issues are less discussed in the literature, but of equal importance. Of
particular concern is that negative energies tend to show up when energy flows from dark matter to dark energy,
the direction of energy transfer that may alleviate the Hubble tension [15, 32]. This issue has motivated some
authors to restrict the parameter space to regions where the energy densities remain positive [14]; or to limit
the accessible parameter space to cases corresponding to energy flow from dark energy to dark matter (avoiding
negative energies), corresponding to the +7wCDM regime outlined in [25]. This sets artificial constraints when
performing Markov Chain Monte Carlo (MCMC) analysis, reducing the available parameter space and thus the
potential of these models to solve problems in cosmology. Otherwise, the entire parameter space may be utilised
when performing observational constraints, often giving posteriors corresponding to energy flow from dark matter
to dark energy, and hence negative energies [33]. In this latter case, one may be sceptical about the results, as they
may point to unphysical scenarios.

This is still an open question, as some researchers do not only allow for negative dark sector energies, but actively
use them to address problems in cosmology. Examples of sign-switching or negative dark energy models are found
in [34-41], while negative dark matter (or other negative mass) models are explored in [42—46]. Other approaches
propose that the IDE kernels should not be extended beyond their domain of applicability, i.e. to the distant future
or to very early times (high redshift), thus avoiding the problems associated with these regions. An example would
be modelling the interaction kernel as something which only switches on at late times and low redshift [47]. In
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either case, one has to be careful about how negative energy can violate the energy conditions of general relativity
[48, 49]. In this paper, we look at a possible approach to rethinking the issue of negative energy densities.

The negative energy density problem in IDE models arises from the way the dark sector is partitioned in equation
(1), such that energy transfer may continue even when the densities are zero, thus causing the individual dark matter
or dark energy components to become negative [23-25]. We may note that the total dark sector can still remain
positive in these cases. Furthermore, at the background level, the expansion of the universe is only dependent on the
total energy density of the universe and not the density of the individual components. This implies that it is difficult
to distinguish the effects of dark sector interactions from other models such as dynamical dark energy, unified dark
sector models, modified gravity, Chevallier—Polarski—Linder (CPL) parametrization, etc. This is a manifestation of
the so-called “dark degeneracy” [50-53]. Given these considerations, it is natural to consider a unified dark fluid
(UDF) interpretation of interacting dark energy. Some recent work on unified dark fluid models can be found in
[54]. The aim is to avoid negative energy densities in the total dark sector while preserving the same background
expansion history, thereby allowing a wider region of parameter space to remain physically viable and enhancing
the ability of IDE models to address cosmological tensions such as the Hubble tension.

In this work we show that a broad class of interacting dark energy models admits an equivalent UDF description
at the background level. In this formulation the total dark sector energy density remains positive for all finite
cosmic times, even in cases where the individual dark matter and dark energy components become negative in
the standard two—fluid decomposition. The equivalence preserves the background dynamics of the original IDE
models, and therefore represents a reinterpretation rather than a modification of the cosmology. We emphasize
that this equivalence holds only at the level of the background expansion; perturbations will in general distinguish
between the interacting and unified descriptions.

This work is structured as follows. In section 2, we show how IDE models may be converted into UDF descriptions
that always have positive energy densities, while maintaining the same background dynamics. This is then applied
in section 3, where we convert eight phenomenological IDE models into UDF descriptions providing new analytic
equations for the total dark fluid pp (2), the effective unified dark fluid equation of state wf! (z). In subsection 3.9,
we plot the evolution pp(z) and wilf (2) to show how this interpretation avoids the negative energy problem and
the above mentioned divergences in the equations of state. To make the connection between IDE models and a
UDF description stronger, we show in section 4 how one specific IDE kernel can be reinterpreted as a Generalized
Chaplygin Gas (GCG) fluid under a new transformation (29) and show equivalence between the models. In section
5, we mention some implications when combining our UDF framework with recent observational constraints
obtained from late-time data on the same interaction kernels studied here [33]. Finally, in section 6, we draw
conclusions and discuss future work.

This work presents a proof-of-concept demonstration that interacting dark energy models can be consistently rein-
terpreted within a unified dark fluid framework at the background level. A more complete study would require
considering perturbations as well, in which there is a definite difference between the dark matter and dark energy
components, thus breaking the degeneracy. This may be considered in future work, but for now we point the cu-
rious reader to [54, 55], and our brief discussion in Appendix A: A brief note on perturbations in UDF and IDE
models.

2 Unified Dark Fluid description of IDE models

Interacting dark energy models are usually described with the two coupled conservation equations of dark matter
and dark energy, which conserve the total dark sector, but not the individual species:

pdm + 3dem = Q s pde + 3H(1 + w)pde = _Q 5 (1)

where pqm and pge are the energy densities of dark matter and dark energy, w is the dark energy equation of
state, H is the Hubble parameter and () determines how the energy is transferred between the fluids. The negative
energies mentioned above arise from the fact that often () # 0 when either pgy, = 0 or pge = 0, allowing the energy
densities to cross into negative values. This may be avoided with a single fluid description, which is obtained by
adding the two conservation equations together to give:

pp + 3Hpp[1 +wi' (2)] =0, 2

where pp is the total dark sector density given in (3) and wle)ff (2) is the effective dynamical equation of state of the
single fluid. The energy density pp and pressure pp of the total fluid is related and given by:

PD = Pdm + Pde 5 PD = Pdm + Dde = WPde, 3
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where we have assumed dark matter to be inherently pressureless pgm = 0, and w is the equation of state of the
dark energy component. The effective dynamical equation of state of the single fluid is obtained from (3) as:

eff(z) _ Po wpde(z) w

— = . 4
D pp pam(2) +pae(2)  147(2) @

Here we have defined 7(2) = pam(2)/pae(2). such that the present ratio is 79 = r(0) = p(dam,0)/P(de,0)- In the two
fluid description, negative dark matter and dark energy densities, accompanied by divergent effective equations of
state for dark matter wSl and wS, often show up when energy flows from dark matter to dark energy, as seen in
Figure 1 and [23, 24]. Intuitively, we can note from (2) that when pp = 0, the derivative vanishes, i.e., pp = 0.
This implies that once the total dark sector starts positive pip,g) > 0, the total fluid cannot cross into negative values
(although the individual dark matter and dark energy components can). More formally, since wi! (z) is undefined

at pp = 0, we may instead note that (2) is a linear first-order ordinary differential equation with the following

solution: H
a 1 e
1+wp'(a) da} .

a

pp(a) = p(p,o) exp {—3/ )]
The exponential factor is always positive whenever the integral is finite, implying that if pp o > 0 then pp(a) > 0
for all finite a. Possible divergences of wT can only drive pp to 0 or oo (depending on the sign of the integral),
but do not produce a crossing into negative values. One exception to this interpretation occurs in the strongly
interacting regime, where the total dark sector may cross pp = 0. In this case w§ in (2) and (4) is no longer well
defined, so the evolution lies outside the regular UDF branch assumed in (5). This is discussed in Appendix B:
Domain of validity of the UDF description.

0

3 Analytical solutions for UDF description of IDE fluids

For this study, we will only consider the phenomenological IDE models that have analytical solutions for p4,, and
pde as found in [25]. For other models, see the IDE review papers [56, 57]. We propose the following general
interaction function @, from which any of the eight interactions that we consider can be obtained after specifying
« and [ and the two coupling constants 64y, and dqe:

tm P e+ Ote P PG ©)
(Pam + pde)a—m_l

Q=3H

Using (6), we can obtain each model for the special cases shown in Table 1. Here dq,, and d4, tell us if the coupling
is dependent on either dark matter or dark energy, while « tells us if the coupling to that fluid is linear (o« = 1) or
non-linear (o« = 2), while S is specially reserved for couplings which depend on the product of both fluids (5 = 1),
and hence always avoid negative energies. To obtain the analytical solutions for pp(2) wg () given in section 3,
we will substitute the relevant expressions found in [23, 24] into (3) and (4), and do the necessary simplification.

Table 1: Special cases of (6) which lead to familiar linear and non-linear interaction functions.
Interaction @) a B dam Ode
3H (0ampdm + 0depde) 1 0 dam  Ode
3H6(pdm + pde) 1 4
3HO6(pdm — Pde) 1 =
1
1
1

3H6pdm
3H5pde
3H6 PdmPde

Pdm+pPde

Pam
SHO pdm(’:—pdc 2
2

3H5 ch

Pdm+Pde

_ o O O O
O S & O S o O
S, O O o0 O

o O
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3.1 Linear IDE model 1: Q) = 3H (JagmpPam + dePde)

This IDE model may experience pg. < 0 alongside wgg = Zoo in the past if dqm < 0, and pgm < 0 alongside
wsl = Fo0 in the future if 540 < 0, as shown in [23].

The energy density of the UDF is obtained by substituting equations (5.1) and (5.2) from [23] into (3) to obtain:

1 [l)(de,O) <5dm — Oge + W — A) + Pamo) (5dm g —w — A)} (14 z)fé (6dm—5drw72+A)

pp(z) = “OA

] )
1 —5 | dam—0ge —w—2—A
+ﬁ [p(de,O) <5dm — 0ge +w + A) + Pm,0) (5dm — 0de — W + A)} (142) 2 .

The equation of state for the UDF is obtained by substituting equations (5.1) and (5.2) from [23] into (4):
UJ]CDH(Z) = { — (6dm — 0de — W + A) [Q(de,O) (6dm — Odge + W — A) =+ Q(dm,O) (5dm — Odge — W — A)] (1 + 2)73A
+ (Oam — 0de — W — A) [Qde.0) (Odam — Oge + W + A) + Qamo) (dam — dge — w + A)] }
1 )
x5 { 19000 (A + be = bam = ) + Quamoy (A + G — dam +w)] (14 2) 7

—1
+ [Qe0) (A = dde + ddm + W) + Qamo) (A — de + dam — w)] } )
)

with the determinant in both cases A = \/ (5dm + dge + w)2 — 4 6400dm-

3.2 Linear IDE model 2: Q) = 3Hd(pam + pde)

For this IDE model, if energy transfers from dark matter to dark energy (0 < 0), the model experiences both
pde < 0 and pam < 0 (alongside wS! = 400 and wS = +00) in the past and future respectively, as shown in
[23] and seen in Figure 1.

Substituting equations (5.17) and (5.18) from [23] into (3) yields:

1 P
pp(2) = ~ 55 [Puen (@ = B) + pamo (—w = )] (1 + )72 7072
2A
. \ ©
+< [p(de,())(w + A) + pamoy(—w + A)} (14 2)"2(7w=2=48),
2A
Substituting equations (5.17) and (5.18) from [23] into (4) gives:
Wi (2) = { = (—w + 8) [Que) (0 = &) + Qamo) (—w = A)] (1 + )7
+ (—w = 8) [Quten (w0 + A) + Qamoy (—w0 + A)] } (10)

1 -1
Xi{ [Q(de,()) (A — ’UJ) + Q(dm,O) (A + U))] (1 + 2)73A + [Q(de,()) (A + w) + Q(dm,()) (A — U))] } .

with the determinant in both cases A = /w (46 + w).

3.3 Linear IDE model 3: Q = 3H6(pam — pde)

This is a sign changing interaction, with the sign of ¢ determining the initial direction of energy transfer. When
) < 0, the model may experience pq. < 0 alongside wgfcf = £o00 in the past. If § > 0, then pg, < 0 alongside
wf{fn = +o0 in the future, as shown in [23] and seen in Figure 1.

Substituting equations (5.32) and (5.33) from [23] into (3) yields:

1 3 95w
pp(2) = — 55 [Pue0) 20+ 0 = B) + pamo (26 — w — )| (14 2) 727072+
1D

: 3
+ﬂ [P(de,O)(25 +w+ A) + pam0)(20 — w + A)} (1+ 2)72(2571072,&'
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Substituting equations (5.32) and (5.33) from [23] into (4) gives:

w%ﬁ(z) = { — (2(5 —w 4+ A) [Q(de,O) (25 +w — A) + Q(dm,O) (2(5 —w — A)] (1 + Z)_SA
F (26— w — A) [Qae0) (20 +w + A) + Qamo) (26 — w + A)] }
1 [ (12)
X 5{ [Qde0) (A — 26 +w) + Qamo) (A — 26 — w)] (1 + 2) 734

—1
+ [Q(de,O) (A + 20 + w) + Q(dm,O) (A + 26 — w)] } .

with the determinant in both cases A = /462 + w?.

3.4 Linear IDE model 4: Q) = 3H0pam

When energy flows from dark matter to dark energy (6 < 0), the model may experience pqe < O alongside
wS = 400 in the past, as shown in [23] and seen in Figure 1.

Substituting equations (5.47) and (5.48) from [23] into (3) gives:

pp(2) = pamoy(1 + )30 + (P(de,(» + im0y < ) [1 -1+ 2)73(6%})} ) (142300 (13

o+ w

Substituting equations (5.47) and (5.48) from [23] into (4) yields:

0 Qdm,0) — [Q(de,o)(é +w) + Q(dn1,0)5i| (14 Z)3(5+w)

. (14)
[Q(de,o) (0 +w)+ Q(dm,0)5:| (1+ 2)3(5+w) +w Q(dm,O)

3.5 Linear IDE model 5: Q) = 3H0pqe

When energy flows from dark matter to dark energy (0 < 0), the model may experience pam < 0, alongside

wﬁffn = $o00, in the future, as shown in [23] and seen in Figure 1.

Substituting equations (5.60) and (5.61) from [23] into (3) yields:

pp(2) = (P(dm,m + Pde.0) (6+w

) [1 o (1 + Z)S((H»w)}) (1 +Z)3 +p(de,())(1 + 2)3(6+w+1). (15)

Substituting equations (5.60) and (5.61) from [23] into (4) gives:

weff(z) - —w (6 + UJ) Q(deﬂ)(l + 2)3(5+w) ) (16)
b w Q(de,())(1 + 2)3(6+U’) +0 Q(de,O) + (6 + U}) Q(dm,U)

Pdm~+Pde

3.6 Non-linear IDE model 1: Q = 3H¢ (M)

eff eff

This interaction model always has pqrm, > 0 and pqe > 0, with no divergences for either wg;, or wg,, as shown in

[24] and seen in Figure 1.

Substituting equations (4.1) and (4.2) from [24] into (3) yields:
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0
14+ <h(dm,0)) (1 +Z)73(w+5) Twtd
PD(Z) :[P(dm,O)(l + Z)3(175) +P(de,0)(1 + Z)3(1+w)} P(de0) (7
1 + (p(dmv0)>
P(de,0)
Substituting equations (4.1) and (4.2) from [24] into (4) gives:
eff w
wp (z) = .
b (2) 14 <m> (1 + 2)-3(w+s) (18)
P(de,0)

3.7 Non-linear IDE model 2: Q — 3H6 (ﬂ)

Pdm~+Pde

When energy flows from dark matter to dark energy (§ < 0), the model may experience pge < 0 alongside
wgg = #£oo in the past, as shown in [24] and seen in Figure 1.

Substituting equation (4.12) from [24] into (3) yields:

P(dm,0) 3w __ P(dm,0)
{w + 0 (l)(de,()) )} (1 + Z) J ( P(de,0) )

(1+ z)3<17 150_56)

pp(2) = [P(dm,m + P(de,0)

w
5 (19)
m. w m. w—0
lers(gE)]aror s (55 w-9)
p m,|
wli fen]
Substituting equation (4.12) from [24] into (4) gives:
o w
wDH(Z) = wro . (20)

1+(

w—+drg)a=3w —drg

3.8 Non-linear IDE model 3: Q — 3H6 (L)

Pdm~+Pde

When energy flows from dark matter to dark energy (6 < 0), the model may experience pgy < 0, alongside
wfﬁl = £00, in the future, as shown in [24] and seen in Figure 1.

Substituting equation (4.24) from [24] into (3) yields:

{w (—p‘d‘“m) +5](1+z)73w ) 3 H_LQ
PD (Z) - |f%dm,0) - Pm0) + P(de,0) (1 + Z) < w—&)
( ) )
5 1)
[w (—p“"“’“’> + 5} 1+2)34+w—46 w0
x P(de,0)
Pdm,0;
w (1 + p((de,O)))
Substituting equation (4.24) from [24] into (4) gives:
o w
wiy (z) = : (22)

14 (ro+2)a* -2
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Linear IDE Model 1: Q = 3H(6¢mPdm + OdePde)

Linear IDE Model 2: Q = 3H5(pdm + Pde)
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Figure 1: Density parameters for dark matter )4,,,, dark energy 4. and unified dark fluid Qp vs redshift for each
of the 8 IDE models. When energy flows from dark matter to dark energy (iDEDM regime with § < 0), we see
negative dark energy in the past for Linear IDE Model 1, 2, 3, 4 and Non-linear IDE model 2. We also observe
negative dark matter densities in the future for Linear IDE Model 1, 2, 3, 5 and Non-linear IDE model 3. In all
eight cases, we can see that although the individual components may become negative, the total fluid as given by
the unified dark fluid description in section 3 remains positive at all times.
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Linear IDE Model 1: Q = 3H(8gmpPdm + 6dePLde) Linear IDE Model 2: Q = 3H6(04m + Pde)
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Figure 2: Dark fluid equation of state wST (z) vs redshift for each of the 8 IDE models, given a unified dark fluid
description w§ft (z) = b= #f:ﬁ(z), showing no divergent behaviour in either regime (§ = +0.1). This is in
contrast to the divergences expected for the effective equations of state for dark matter wgg and dark energy wgfg

when the dark matter or dark energy crosses into negative values respectively, as illustrated in [23, 24].

70



Unified dark fluid models

3.9 A short analysis of the evolution of pp(2) and wil(z2)

The evolution of the energy densities in section 3 can be expressed in terms of density parameters (g’;ﬁ pi = )
and are plotted in Figure 1. For all figures, the input parameters are Hy = 67.4 km/s/Mpc, Q(; o) = 9 X 1075,
Qbm,0) = 0.049, Qqm,0) = 0.266, Qge0) = 0.685, w = —1, and ¢ = +0.1, unless stated otherwise. As
previously noted, we see 240 < 0 in the past for Linear IDE Model 1, 2, 3, 4 and Non-linear IDE model 2, while
Qdm < 0 in the future for Linear IDE Model 1, 2, 3, 5 and Non-linear IDE model 3. In all cases the UDF density
parameter 2p > O for all z, while asymptotically approaching {p — 0 in the past, and {p — 1 in the future.

In Figure 2, we see this is accompanied by the UDF equation of state w$ () avoiding singularities characteristic

of wSt (2) and wS(2) in IDE cosmologies when § < 0. In the past, wS(z) nearly mimics cold dark matter
behaviour, while approaching a dark energy type phase in the future, similar to Chaplygin Gas models. The exact
asymptotic past and future values of wgg(z) for all models is summarized in Table 2.

Table 2 shows that different interaction kernels lead to unified dark fluid equations of state with distinct asymp-
totic behaviours. In particular, some models exhibit both non-cold dark matter behaviour in the asymptotic past
(wf)ffpast # 0) followed by non-cosmological constant (u;]%f)fpast # w = —1) accelerating phase in the future,
while others display the opposite behaviour or agree in one of the cases. These possibilities may be characteristic
of a wide class of other models, including dynamical dark energy models [58], modification to gravity [59] and
generalized and modified Chaplygin gas cosmologies [29, 51, 55, 60, 61], the last of which we will consider in the
next section. In this sense, interacting dark energy models can be viewed as a specific decomposition for several

phenomenological unified dark fluid behaviours at the background level.

Table 2: Asymptotic past, present, and future values of w§f (2) for various interaction models Q. The determinant
A in the first three rows is found in sections 3.1, 3.2 and 3.3, respectively. We find that for all cases the UDF
equation of state in the past is equal to the effective dark matter equation of state w]%ffpast = wgﬁl’past, while in the
future being equal to the effective dark energy equation of state wCfofuture = wggfuture. The evolution of wSl ()

and wgg(z) as well as their asymptotic values can be found in [23, 24]

Interaction Q weDHpast w]ez)ﬁprcscnt w]%f.ffuture
3H (JampPam + Sdepde)  3(6de — Sam +w + A) oo 1(8de — bam +w — A)
3HO(pdm + Pde) Hw+A) T F(w—A)
3HO(pdm — Pde) 120 +w+A) T 120 +w—A)
3HSpam -0 lfr“ro w
3HOpge 0 # w+ 9
PdmPde w

3HO Pd?nj;dc 0 1+ro w

Pdm dw w
3HO l)dm(i'rf)de S—w T+ro w

er w w?
3Ho Pdmipde 0 1+rg w—09

4 Connection to Chaplygin Gas Models

4.1 Relating ) = 3H¢ (M) to the Generalized Chaplygin Gas (GCG) model

Pdm+Pde

Chaplygin gas models try to unify both dark matter and dark energy into a single exotic fluid, which has a dynamic
equation of state [51, 55, 60-62], acting like matter at early times and a cosmological constant at late times . A
connection between IDE models and Chaplygin gas cosmology has been noted before [51, 55, 60-62].

For our purpose, a previous connection between a specific IDE kernel QQ = 30H (%) and CG model was

noted in Figure 19 of [24], where it was mentioned that the IDE model showcases similar trajectories of the
statefinder parameters in the ¢ vs. r and s vs. r planes, as the Chaplygin gas model shown in Figure 1 of [63].
From this motivation, we construct a simple transformation below between this interaction kernel and CG model.
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Figure 3: Equivalence of UDF description of IDE model @ = 3H§ (ﬁ%) described by (17) and (18) and

the Generalized Chaplygin Gas (GCG) model described by (24) and (25) under transformation (29). Density
parameters (top left panel), percentage difference between density parameters (top right panel), equation of state
(bottom left panel) and percentage difference between equations of state (bottom right panel) vs redshift. In all
four panels, we see the same evolution and may conclude that the IDE model and GCG are equivalent under
transformation (29).

One of the simplest models is the Generalized Chaplygin Gas (GCG) model [51, 64—67], which has a pressure p:
A

- (23)
Pch

p:

where A is a constant that needs to be positive to ensure accelerated expansion, « is a second constant that describes
the type of model, and p.y, is the energy density, equivalent to [67]:

1

pen(2) = preno) [As + (L= A)(1 4270+ 77 en
with A, = A/ pz;;O‘O). For the special cases where A; = 1 or A, = 0 (for any value of «), the GCG behaves like
either a standard cosmological constant with w = —1, or pressureless dark matter with w = 0 throughout all of

cosmological evolution [67]. When o« = 0, we obtain a UDF description of ACDM, and when a@ = 1, we obtain
the original Chaplygin gas model [51, 64]. The equation of state for the GCG fluid is given by [67]:
— AS

As+ (1= Ag)(1 + 2)30+a)”

wen (2) = (25)

eff

which at present gives w(0) = —A,. Equivalence with the UDF equation of state (w in Table 2) requires:

D,present
w
A, = —
: 1+ o (26)
Substituting (26) into (25), and simplifying gives:

wan () = =
T (1 4 2)30Fe) 27)

Comparing (27) with (18), we find that w¢, = w]e)ff given that:
l+a=—-(w+d0) — a=—(w+d+1). (28)

Since both models have the same conservation equation, we should find that pp = p.y for all 2, provided both

share the same initial conditions. We demonstrate that the IDE interaction @) = 3Hd ;ﬁd—";_p;—: is exactly equivalent,
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at the background level, to a generalized Chaplygin gas model under the transformation (29):

IDE model QQ = 3H) _PdmPde Generalized Chaplygin Gas (GCG) model at the background level, if:

Pdm + Pde
w
PD,0 = Pdm,0 T Pde.0; AS:71+7~0’ a=—(w+5+1)
(29)
From (29), we can immediately see that in the case where w = —1 and § = 0, we obtain a = 0, corresponding to

the ACDM case [51, 64]. The equivalence over a wide redshift of both the energy densities and effective equation
of state of the IDE model described by (17) and (18), and the GCG model described by (24) and (25) under
transformation (29), is illustrated in Figure 3.

5 Brief implications from observational constraints

In a recent study [33], late-time probes were used to find background observational constraints on the eight IDE
models studied in this paper. This study also showed that for all models possible, there is a phantom—divide crossing
in the effective dark energy equation of state wS, showcasing quintessence behaviour wS > —1 at low redshift
and phantom behaviour at w§T < —1 at higher redshift.

Using the posteriors from Table IV and V in [33] as input for our cosmological parameters, we may see how
w¥(2) evolves in Figure 4, which can be compared to Figure 7 in [33]. For all eight models, no phantom crossing
is expected for the UDF description, but instead quintessence-like behaviour w&f > —1 is observed at present and

low redshift. At higher redshift, we see that cold dark matter behaviour is recovered, with wle)ff ~ 0.

Lastly, in Table 3 we use the transformation (29) to infer the mean values for the GCG model at the background
level from the observational posteriors for IDE model Q = 3H ¢ M , found in Table IV and V in [33]. As this
is simply illustrative, we will ignore the error margins associated w1th the parameter values. From Table 3, we see
that 0 < A; < 1 and « > —1, which corresponds to the standard GCG model, behaving like dust (w = 0) at high
redshift, while approaching cosmological constant behaviour (w = —1) asymptotically into the future, which is in
agreement with Table 2. Different cosmological scenarios corresponding to different combinations of Ag and «
can be found in [67]. We emphasize that the results in Table 3 are mapped values evaluated at the posterior level,
rather than independent statistical constraints on the GCG model.

Table 3: For illustrative purposes, a mapping is presented between the non-linear IDE model @Q =
3H6 pampde/ (Pam + pde) and the equivalent Generalized Chaplygin Gas (GCG) model at the background level.
The mean values are inferred from the observational posteriors in Table IV and V in [33] using the transformation
(29).
Dataset Qdm,0 b0 w 0 Qp,o Ag «
Pantheon+ & DESI DR2 0.074  0.048 —-0.711 —-0.85 0.9519 0.6557 0.561
Pantheon+, DESI DR2, CC & BBN  0.083 0.0449 —-0.731 —-0.78 0.9550 0.6675 0.511

6 Discussions and Conclusions

In this work, we have shown in section 2 and 3 that a reformulation of dark sector interaction as a unified dark fluid
with a dynamical equation of state, can provide an interpretation of IDE models where negative dark matter and
dark energy densities are less problematic at the background level. This is illustrated in both Figure 1 and Figure
2, which shows that at all times the total dark sector remains positive and divergent equation of state behaviour
is avoided. This UDF interpretation opens up the parameter space, including sections which are associated with
energy transfer from dark matter to dark energy, and thus increase the potential of models to address tensions in
cosmology. We emphasize that this does not remove negative densities in the standard two—fluid description of
IDE models. Rather, it shows that these features need not represent fundamental pathologies of the background
cosmology, but instead arise from the particular decomposition of the dark sector into interacting components.
The unified dark fluid description therefore provides an alternative, physically consistent interpretation of the same
background dynamics.
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Solid: Pantheon+ & DESI DR2 ; Dotted: Pantheon+, DESI DR2, CC & BBN
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Figure 4: Evolution of the effective unified dark fluid equations of state w§! (z) for all eight interaction models,
using the mean values reported in Tables IV and V of [33]. We observe no phantom-divide crossing, but instead
observe quintessence behaviour wgi' > —1 at present and low redshift, while CDM behaviour wi' 2 0 is observed
at higher redshift, for all models.

In section 4, we derived the new correspondence given in (29) and illustrated in Figure 3. This transformation was
used in section 5 to perform a mapping at the posterior level of previous observational constraints obtained for
an IDE model to a GCG model to produce Table 3, which serves as an example of how constraints on one model
may be used to understand another model. The correspondence suggests that several interacting dark energy
scenarios can be interpreted as specific realizations within a broader unified dark fluid framework, of which the
Generalized Chaplygin Gas represents a particular limiting case. Another example that has been noted in [55], is an

equivalence between the same interaction Q = 3Hd (ﬁ%) and the new generalized Chaplygin gas (NGCG)

scenario. Future work may consider similar mappings between IDE models and other Chaplygin gas models, such
as the previously mentioned NGCG, as well as modified Chaplygin gas (MCG) models [68, 69]. The asymptotic
past and future behavior of the effective equation of state of the single fluid, shown in Table 2, particularly in cases
where w%ﬁ(z) # w, may help identify additional mappings that have not yet been explored.

Given these considerations, IDE, UDF, and CG models may be viewed as alternative parametrizations of the
same background expansion history, with differences becoming physically meaningful only once perturbations are
considered. Thus, at the background level, we may use observational constraints on IDE models to understand
UDF behaviour, and, for example, if it permits phantom crossings as seen in Figure 4. Alternatively, we may
view an IDE model as a particular decomposition of a unified fluid into interacting subcomponents, as done in
[54]. Here it is also discussed how to break degeneracies of UDF models with CPL descriptions of dark energy
using non-linear regimes. This is done for example, by analysing not only linear perturbations, but predictions
for spherical collapse (see [70] for a recent example of this for IDE models) and Halo mass functions. Similar
considerations to break degeneracies for IDE models are found in [53] and may also be done in a future work. This
would enable us to determine both the relevance of IDE models for addressing urgent questions in cosmology, as
well as the ability to distinguish its effects among a myriad of similar models.

Appendix A: A brief note on perturbations in UDF and IDE models

The analysis presented in the main text is restricted to the homogeneous background evolution. This is sufficient for
demonstrating the background-level equivalence between the interacting dark energy models considered here and
a unified dark fluid description. However, background equivalence does not guarantee perturbative equivalence.
This is closely related to the dark degeneracy, namely that different dark-sector descriptions can generate the same
background expansion history while differing once perturbations are specified [50, 52, 53]. At the level of cosmo-
logical perturbations, the dynamical behaviour of a single unified fluid depends on additional information, such
as its rest-frame sound speed 057 p» hon-adiabatic pressure perturbation, and anisotropic stress [54, 71]. Similarly,
in the two-fluid interacting description, perturbations depend not only on the background interaction kernel @),
but also on the covariant interaction four-vector %4, including its perturbation §@) and the choice of momentum-

74



Unified dark fluid models

transfer frame (e.g. parallel to the dark matter or dark energy four-velocity) [18, 19, 55]. The background mapping
fixes only the homogeneous density and pressure of the dark sector, leaving its perturbative degrees of freedom
undetermined. Although the total density and pressure perturbations are obtained by summing those of the in-
dividual dark components, this does not determine the effective pressure perturbation of the unified fluid, which
additionally depends on its rest-frame sound speed and entropy perturbations [54, 71]. Likewise, the total velocity
perturbation depends on the relative velocities of the dark matter and dark energy components, information that
has no unique counterpart in the unified-fluid description. Consequently, two models with the same background
expansion history H(z) may nevertheless predict different growth histories, matter power spectra, and metric per-
turbations once their perturbation prescriptions are specified [52-55]. Perturbative equivalence is therefore not
ruled out, but it requires additional, non-unique assumptions beyond the background mapping.

Another issue is that of the treatment of sound speed in the single and two fluid cases. For a unified dark fluid
with equation of state wp = pp/pp, the adiabatic sound speed is defined by 03, p = Pp/pp. Using pp = wppp
together with the conservation equation (2), one obtains

wp

~ 3H(1+wp)’ (0

Ci,D = Wp
whenever wp 7# —1. For a barotropic fluid, the adiabatic and rest-frame sound speeds coincide, ci D = ci’ D
However, dark energy is generally treated as a non-adiabatic fluid in perturbation theory, so that its rest-frame
sound speed ci de 18 specified independently of Ci,de' In phenomenological interacting dark energy models it is
customary to choose ¢2 ;. = 1, in order to avoid the instabilities that would arise if ¢? ;, = ¢? ;. = wqe < 0
[55]. By contrast, unified dark fluid models may assume a vanishing rest-frame sound speed, c¢? , ~ 0, together
with negligible anisotropic stress, so that the fluid clusters like cold dark matter at early times while remaining
compatible with current cosmological observations, even though this choice does not in general reproduce the
perturbations of a given interacting or dynamical dark energy model [54].

A similar result can be found for the decomposed new generalized Chaplygin gas (NGCG) model and interacting
fluid models. It is shown in [55] that the interaction model discussed in Section 4,

PdmPde
— 3H§  LdmPde ) 31
Q (pdm + pde) ( )

is equivalent to a decomposed NGCG model. In the notation of [55], the interaction is written with coupling /3,
while in our convention the corresponding coupling is § = — 3. The same work also relates the NGCG parameter
« to the interacting description through § = —aw. In that convention, stable cosmological perturbations were
found for $ > 0 with w > —1, which corresponds in our notation to § < 0 with w > —1.

This stability condition can also be understood from the doom-factor d diagnostic introduced in [19], for which
d > 0 may signal the presence of early-time non-adiabatic instabilities in the dark energy perturbations within the
standard fluid description. For the sign convention used in this paper, the doom factor is

_ Q _ 5 Pdm
3Hpae(1+w)  1+w pam + pde’

where we have substituted the non-linear interaction @ from (31). As shown in the main text, all energies are
always positive for this interaction, thus implying that the factor pam/(pdm + pde) is positive. Hence the sign of d
is controlled by 6/(1 + w). The doom-factor stability criteria d < 0 therefore requires

5(1+w) < 0. (33)

(32)

Equivalently, there are two combinations of parameters that are a priori stable:
0 > 0 (iDEDM regime) with w < —1, or 0 < 0 (iDMDE regime) with w > —1. (34)

The second combination is the stable 5 > 0, w > —1 result found in [55], given the notation difference. The first
combination was not considered in that paper, but is also stable in accordance with the doom-factor criterion, and
corresponds to energy transfer from dark energy to dark matter with a phantom dark energy equation of state. Thus,
for the non-linear interaction (31), the doom factor analysis gives the compact stability condition (33), provided the
evolution remains on the branch where the total dark sector is positive, which is discussed in Appendix B: Domain
of validity of the UDF description.

A full perturbative analysis is beyond the scope of the present proceedings, and the equivalence demonstrated
here should be understood as a background-level equivalence. Perturbations for interacting dark energy models
are still an active area of research, with extensions beyond the fluid framework found in [62, 72, 73], while new
developments on linear and non-linear growth are found in [31, 74-78].
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Appendix B: Domain of validity of the UDF description

The positivity argument following (5) applies to the regular UDF branch, where the total dark sector density pp(a)
defined in (3) remains positive and the effective equation of state w¢(2) in (4) remains finite. This is the regime
considered in the main text, where negative values of the individual dark matter or dark energy densities in the
two-fluid decomposition do not necessarily imply a negative total dark fluid. The UDF formulation thus avoids the
negative energies associated with energy transfer from dark matter to dark energy (iDMDE regime), as detailed in

[23, 24].

This should be distinguished from the more problematic Strong interacting Dark Energy Dark Matter (SiDEDM)
regime discussed in [79], where the conditions for the IDE models studied in this paper to enter this problematic
regime are also given. In that regime, the interaction is sufficiently large, such that pqy, or pge may become negative
enough that the total dark sector density pp also crosses zero. At such a crossing, the denominator of (4) vanishes
and wef is not well defined. The SiDEDM solutions do not contradict the positivity result obtained from (5).
Instead, these solutions fall outside the assumptions under which the single-fluid UDF description is defined at all
times. In this sense, the positive energy arguments arising from (5) should be understood as applying only to weak
dark sector interactions where both pp > 0 and |wil| < oo throughout past and future expansion. The conditions
for the IDE models studied in this paper to enter this problematic regime are discussed in [79].

This also clarifies the relation to cosmological turnarounds. In a flat FLRW universe, a turnaround occurs when
the total cosmic density reaches zero piot = 0, so that H = 0. Since baryons and radiation contribute positively,
the dark sector must become sufficiently negative pp < 0, to cancel these positive components. Thus, turnarounds
associated with crunching and bouncing cosmologies with an effective negative dark sector contribution can occur
in the SIDEDM regime [79], but these solutions are not part of the positive, regular UDF branch associated with
the weakly interacting iDMDE and iDEDM regimes studied in the present work.
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